The linear analysis of the influence of diamagnetic effect and toroidal rotation at the edge of tokamak plasmas with BOUT++ is discussed in this paper. This analysis is done by solving the dispersion relation, which is calculated through the numerical integration of the terms with different physics. This method is able to reveal the contributions of the different terms to the total growth rate. The diamagnetic effect stabilizes the ideal ballooning modes through inhibiting the contribution of curvature. The toroidal rotation effect is also able to suppress the curvaturedriving term, and the stronger shearing rate leads to a stronger stabilization effect. In addition, through linear analysis using the energy form, the curvature-driving term provides the free energy absorbed by the line-bending term, diamagnetic term and convective term.
Introduction
Edge-localized modes (ELMs) act as periodic perturbations of the boundary plasma in high confinement mode (H-mode) tokamak discharges. As a result, a large quantity of particles and energy is rapidly lost through the plasma boundary, which can potentially damage the first wall and divertor target plate [1] . Generally speaking, ELMs are triggered by ideal peeling-ballooning modes with an intermediate mode number. The ballooning modes are driven by pressure gradient coupled with curvature, and the peeling modes are driven by plasma current [2] . There are different types of ELMs, which have different relations between their frequency and power outage. The frequency of type I ELM is small, but pumps a huge heat flux out to the divertor target [3] . The frequency of grassy ELMs is relatively higher, but releases less heat flux to the divertor target [4] .
The ideal ballooning mode has been studied using the energy principle in earlier research. Connor et al derived the stability criteria of an ideal ballooning mode, which is expressed as the maximum stable pressure gradient α with magnetic shear s (s-α model) [5] . The stability criteria of peeling modes, driven by the parallel current, is derived by the energy principle. In addition, the ELM cycle has been presented with the s-α model [6] . The second stability region and three types of ELM have been explained qualitatively by the peeling-ballooning model [7] .
Obviously, the ion diamagnetic effect is important for stabilizing high-n ballooning modes [8] . Toroidal rotation can significantly reduce the ELM energy loss. The JT-60U experiment showed that counter rotation is an easy way to form grassy ELMs under the conditions of high q 95 and high d [9] . The MINERVA code has been used to analyze the linear ideal (magnetohydrodynamics) MHD instability with toroidal rotation [10] . The influence of toroidal rotation leads to differences in eigenmode frequency and Doppler shift of the plasmas. This analysis combines the dispersion relation with the energy principle. The results show that the destabilizing effect of shear flow is related to the rotation energy [11, 12] .
The BOUT++ code has been successfully used to simulate the influence of equilibrium shear flow [13] . Thé E B shear flow can stabilize high-n ideal ballooning modes but destabilize the low-n modes. A stronger shearing rate leads to a stronger destabilizing effect in the low-n modes. The shear flow stabilizing high-n modes and destabilizing low-n modes have also been simulated by using the NIMROD code, and more effective stabilization of high-n modes is achieved at higher plasma density [14] . The low-n peeling modes are also strongly destabilized by shear flow [15] . In addition, shear flow introduces the Kelvin-Helmholtz (K-H) instability, which can destabilize the medium and high-n modes. The K-H instability is not the focus of our study, so it is not added in our simulations. However, the physics behind the shear flow effects on peeling-ballooning modes, such as the destabilizing low-n modes, is still not clear.
Usually, the dispersion relation provides a good theoretical explanation of the simulation results [16] [17] [18] , but it may show some deviations from the global simulations due to local characteristics. For example, the ideal ballooning modes and the ion diamagnetic effect can be explained qualitatively using the dispersion relation, but it is difficult to explain the influence of the shear flow because of the strong global effect in it. The linear analysis on ELMs by using the MINERVA code uses the dispersion relation combined with the energy principle, but the linear growth rate calculated by it is not the same as simulation results. In this paper we developed a global numerical analysis to investigate the influences of the ion diamagnetic effect and shear flow on ballooning modes. Two methods are presented in this work. One is based on the numerical integral of the dispersion relationship, and the other is based on the global energy principle. Both methods can obtain the same linear growth rate as the simulation results and are able to reveal the global changes between low-n and high-n ballooning modes with the diamagnetic effect and toroidal rotation. This paper is organized as below: section 2 introduces the basic physics equations in our simulations. Section 3 shows the method of integral dispersion relation and linear analysis; the influence of each term that includes toroidal rotation. Linear analysis using the energy form is presented in section 4. The linear analysis methods applying to EAST geometry are given in section 5. Finally, the summary is given in section 6.
Introduction of the model
In this paper, the three-field equations for the plasma edge with a tokamak configuration [8] are used to understand the ballooning modes. There are three variables, vorticity v, pressure P and parallel magnetic potential  A , evolving with time. For simplicity, the equilibrium current and density gradient are not taken into consideration. Therefore, the equations are written as
The V E represents the perturbedÉ B flow. If the diamagnetic effect is considered, equation The shear flow is added into the convective term as
The n , 0 m i and Z i are ion density, mass and charge number respectively, and = n n . The ballooning mode is related to curvature driving ḱ ⋅  b P 2 0 coupling with equilibrium pressure in equation (2) . The main difference between our model and the standard MHD is the momentum equation, which is reduced to vorticity equation (equation (1)) based on the shear Alfvén law [19] in our model. The general assumption  k k with a small parameter  is used in the shear Alfvén law, and the model is just restricted to the incompressible MHD case. The equilibrium used in this simulation is a shifted-circle configuration based on JET parameters, which is generated by TOQ code [20] . Figure 1 shows the profile of equilibrium pressure P 0 and safety factor q against normalized flux coordinates [21] . The inner radial boundary conditions used here are
For the outer radial boundary,
The radial grid number used in the following sections of the paper is 516 and the poloidal is 64 if not specified.
Integral dispersion relation
The dispersion relation is expanded in the Fourier phase space for fluctuations. Assume the perturbed variables~g f f e , t and the general solution of the linear growth rate is
The other variables, such as v,  A , etc, can also be used to calculate the linear growth rate and the results are not changed. On the other hand, the linear growth rate can also be calculated by the numerical integration of the temporal Fourier transform of the evolving variables in space. This method is named the integral dispersion relation. The simulation equations can be expressed as 
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Based on this definition, the linear growth rate contributed by curvature and line-bending terms can be written as Figure 2 shows the linear simulation results of the ideal ballooning mode. This method can obtain the exact same linear growth rate as g g g = + .
cur LB The other two terms in equation (12) can be ignored from the simulation results due to the small contribution to the results. g cur represents the curvature-driving term which is coupled with equilibrium pressure gradient, and g LB is the line-bending term which represents Alfvén wave propagation along magnetic field lines [22] . From figure 2, it is easy to see that the curvaturedriving term plays the predominant role of instabilities in this equilibrium. In addition, the real frequency of ideal ballooning mode w is zero. The contributions to real frequency of curvature-driving term w cur and line-bending term w LB are both zero, shown as the red-circle line in figure 2 . The local dispersion relation of ideal ballooning mode can be derived as The Fourier expansion reflects the global linear characteristic, but the equilibrium pressure gradient in the ballooning-driving term is a local operator, as in equation (16) . Therefore, the relation just indicate the local linear behavior at the certain position with the certain value of the pressure gradient. This expression indicates that the linear growth rate of curvature driving increases with toroidal mode number n. This behavior is reproduced by g cur in figure 2 qualitatively, so the local and integral dispersion relations are consistent in describing the ideal ballooning mode.
Linear analysis of the diamagnetic effect
In order to study the influence of the diamagnetic effect in ballooning modes, the ion diamagnetic term is extracted from the definition of vorticity, and the vorticity equation can be rewritten as dia which indicates that the integral dispersion relation can also be used to calculate the exact linear growth rate. In addition, the contribution of curvature-driving term is decreased to nearly zero compared to the ideal model, which means the ion diamagnetic stabilizing effect is able to suppress curvature driving dramatically. The line-bending term is also mitigated by the ion diamagnetic effect but not completely to zero.
Figure 3(b) shows the real frequency with the diamagnetic effect. The real frequency is zero for ideal ballooning mode, as shown in figure 2. The diamagnetic flow drives the rotation into ballooning modes, and causes the frequency in the system. The negative value of the frequency means that the modes rotate in the ion diamagnetic direction. The simulated total frequency within the diamagnetic effect is almost the same as the contribution from the diamagnetic term, and this is consistent with the theory.
The local dispersion relation with diamagnetic effect can be derived as [15] The * w i comes from diamagnetic drift velocity coupling with pressure evolution equation in vorticity. It is similar to the diamagnetic term in the integral dispersion relation, so the real frequency from the diamagnetic term in integral dispersion is consistent with the local dispersion relation. Their contributions to the total growth rate have already been suppressed by the ion diamagnetic effect.
Linear analysis of toroidal rotation
In this simulation, the rotation is generated by a radial electric field which can be induced by neutral beam injection [23, 24] . where f 0 is the equilibrium electrostatic potential, and b 0 is the unit vector along the magnetic field.
The direction of e y is along equilibrium magnetic field and e z is the binormal direction.  e y and  e z are normalized base vectors. The angular frequency of the toroidal rotation is
The profile of the toroidal rotation is constructed based on [13] The first term of convection is about one or two orders of magnitude smaller than the second term in equation (26) due to the flute reduction in ballooning mode, so the influence of the parallel part v y 0 of shear flow in the field-aligned coordinate system can be neglected. If the parallel flow is increased by ten times, a slightly destabilizing effect appears as shown the red-dashed line in figure 4(b) . It indicates that the toroidal rotation plays as the dominant role to affect the instabilities in this equilibrium. Therefore, the convective term can be expressed as
where W is the rotation angular frequency. 
We can also write it using the integral dispersion relation as The rigid flow does not change the linear growth rate and only brings in a real frequency
The influence of rigid flow on ballooning modes are presented in figure 5 . Figure 5(a) shows the profiles of the rigid flows with the different amplitude used in the simulations. The rigid flow does not change the linear growth rate, but generates a real frequency = -W f n . Figure 5 (b) shows the well-consistent results with the theory that g is not changed by the rigid flow, and figure 5(c) shows the real frequency = -W f n from the simulations. The contributions from curvature and line-bending terms also keep unchanged. The convergence study on the differences of toroidal resolution between with and without rigid flow cases are presented in figure 5(d) . The toroidal resolution is good enough for the flow study when the toroidal grid number is larger than 64.
Shear flow.
Based on the previous study, the shear flow is able to stabilize high-n modes but slightly destabilize low-n modes of ballooning mode [13] . The influence of shear flow with different shearing rate is simulated by BOUT++ in figure 6 . The shearing rate is defined as
Figure 6(a) shows the different profiles of shear flow with the same D 0 and different D , s which means the same magnitudes at the peak gradient region of pressure, but with different shearing rates. Figure 6(b) indicates that the non-excessive stronger shearing rate leads to stronger stabilizing effect for high-n modes and destabilizing effect for low-n modes. This result is consistent with [13] and [14] . If the shearing rate further increases like  D 40, s the instability of high-n modes become relatively large again. The stabilizing effect of high-n modes does not become stronger. The part of rigid toroidal rotation in shear flow becomes larger with the parameter D s increasing, which may lead to the weaker stabilizing effect of high-n modes when D s is larger than 20. The perpendicular flow shear in some cases can also destabilize the high-n modes based on gyrokinetic integral equations [26] . Figures 6(c) and (d) show the profiles of shear flow with different D 0 and same D s in equation (25) . Figure 6 (e) indicates that the larger rotating angular frequency and shearing rate stabilize the high-n modes more effectively, but the low-n modes are destabilized. The black line with an asterisk is ideal ballooning mode without flow. The numerical convergence test of shear flow is shown in figure 6(f) , and the toroidal resolution is good enough for the toroidal grid number larger than 64.
The mode structures of perturbed pressure at the outer midplane are shown in figure 7 . Figure 7(a) shows the ideal mode structure, and figure 7(b) is the case with the shear flow for the = n 30 mode. The y-axis is the toroidal direction and x-axis is the radial direction. The peak of the mode for the ideal case in figure 7(a) is at the position of the peak pressure gradient region Y = ( ) 0.907 .
N
As for the shear flow case in figure 7(b) , it is slightly deviated from the maximum pressure gradient region. In addition, the mode is narrowed in the radial direction and stretched in the toroidal direction by the shear flow. Within the numerical integral dispersion relation, the linear growth rate g with shear flow is written as
n n n n n n n n conv 0 Figure 8 shows the integral dispersion relation analysis of figure 6(b). Figures 8(a)-(c) show that shear flow can dramatically stabilize the high-n modes driven by curvature, and a stronger shearing rate causes a stronger stabilizing effect for curvature driving. On the other hand, the influence of the line-bending term becomes more important when the shearing rate is larger. As shown in figure 8(c) , the ballooning modes are almost completely stabilized by the shear flow, but the shear Alfvén term is dramatically destabilized. For the strong shearing rate case, the shear Alfvén term even becomes dominant. Figures 8(b) and (c) also indicate that the convective term does not contribute to the linear growth rate directly, but determines the real frequency, as shown in figure 8(d) .
The local dispersion relation with shear flow is derived as Notice that the ballooning mode is destabilized by the shear flow if the root is greater than 1, and stabilized if it is less than 1. The negative value of the root represents the decaying mode. Figure 9(b) shows the surface of this term, but it is a sinusoidal form in the poloidal direction, so the value of b varies widely in different regions. In the outer mid-plane, the value of ḱ ⋅ W b 0 is zero. In addition, the analysis of shear flow in the MINERVA code [11] uses the dispersion relation combined with the energy principle, which also includes the global effects. The integral dispersion relation considers the global effects and shows some deviations from the local dispersion relation. Therefore, it is necessary to consider the global effect to describe the influence of shear flow. The toroidal rotation shows the obvious mitigating effects on the curvature-driving term. The stronger shearing rate leads the line-bending term being more important. The convective term only affects the real frequency directly. 
Linear analysis using the energy form
The influence of each driving term can be also studied from the energy perspective. The perturbed kinetic energy [22, 27] can be expressed as
. So the contributions of the line-bending term and the curvature-driving term to the growth rate can be expressed as
The numerical results of the ideal ballooning mode are presented in figure 10 . The curvature-driving term contributes the positive value to the growth rate, while the line-bending term is negative. This result indicates that the pressure gradient provides the free energy and most of this energy is absorbed by the shear Alfvén wave. It is consistent with the local dispersion relation of the ideal ballooning mode in equation (16) that curvature driving is the source of instability and the shear Alfvén wave obtains the free energy to propagate along the field lines. This method is easier for the physical understanding. The linear growth rate of the curvature-driving term does not become increased with toroidal mode number. The growth rate increasing with toroidal mode number is determined by the joint effects of the curvaturedriving and line-bending terms. In addition, the integral dispersion relation using the energy form can also be used to obtain the exact linear growth rate with the expression g g g = + ( ) . 4 0 cur LB
Linear analysis diamagnetic effect using the energy form
The contribution to the linear growth rate of the ion diamagnetic effect can also be analyzed within this energy form with the expression Therefore, the total growth rate g with ion diamagnetic effect is written as
Panel (a) in figure 11 shows similar results to figure 10 . The contribution of the ion diamagnetic term is negative, as well as the line-bending term. From this result, the free energy provided by the pressure gradient is absorbed by the shear Alfvén wave and the ion diamagnetic term. A comparison of g g and cur LB between the ideal model and the diamagnetic effect is shown in figure 11(b) . The free energy of the system is decreased in the diamagnetic case, and the absorbed energy by the line-bending term is also smaller due to the less free energy for the instabilities.
Linear analysis of shear flow using the energy form
The contribution of shear flow to the ballooning mode is written as the convective term in equation (37) using the energy form, and the expression is
The effects of equation (43) are shown in figure 12 with different shearing rates. Figure 12 (a) still shows similar results to figure 10 in that the curvature-driving term provides free energy and the line-bending term absorbs it. In order to show the influence of convective term clearly, g cur and g LB are added together in figures 12(b) and (c). Within the shear flow, the contribution of the convection is changed from negative to positive when the toroidal mode number n changes from a high to a low value. This indicates that the convective term is able to stabilize the high-n modes effectively. However, based on this numerical analysis, the shear flow provides the additional free energy to the low-n ballooning modes, and makes these modes more unstable. In addition, the stronger shearing rate leads to the stronger destabilizing effects of the convective term for lown modes. Figure 12(d) indicates that larger shearing rates can stabilize the curvature-driving term in high-n modes.
As for the destabilizing effect of shear flow, the MINERVA code also shows that it is related to the energy provided by the toroidal rotation [11] . The destabilizing effects for the low-n ballooning modes may be caused by the joint effect of convection and curvature-driving terms. The perpendicular shear flow also shows a destabilizing effect in high-n modes of ion temperature gradient-driven modes based on the electrostatic gyrokinetic integral equations [26] . In addition, the parallel shear flow is shown to be destabilizing [26] , and provides a free energy source to turbulence [28] . This result is similar to the electromagnetic simulations shown in figure 4(b) . The destabilizing effect of parallel shear flow is much smaller than the toroidal shear rotation. In experiments, the vorticity probes are used to measure the K-H instabilities driven by shear flow in the Large Plasma Device [29] . However, in this paper, the K-H instability is neglected in order to only study the flow shear effects on pure ballooning modes. The line-bending term is predominant with large shearing rate in the integral dispersion relation, while it obviously stabilizes the ballooning modes using the method with an energy form. The integral dispersion relation depends on mathematics, while the second method depends more on physics. It seems that each term in the integral dispersion relation represents the direct contribution to linear growth rate, and the method in energy form obviously shows the distributions and transfers of the energy through different physics channels.
The linear analysis methods applied to EAST geometry
The integral dispersion relation method has been verified by linear simulations of the EAST H-mode discharge #62585@3800 ms. The equilibrium is calculated using kinetic EFIT in this shot, and the geometry is shown in figure 1 in [30] . The pressure profile is shown in figure 13(a) , which is two times larger than the measurement in order to excite the instability of ballooning modes. It is because that the equilibrium is stable and inside the marginal peeling-ballooning instability threshold [30] . Though the reconstructed equilibrium is inconsistent, it is still a good example to apply this method to tokamak configuration. Figure 13(b) shows the linear growth rate of the ideal ballooning mode and with diamagnetic effect. Similar to figure 3(a) , the diamagnetic effect can reduce the linear growth rate of the ideal ballooning mode, especially for high-n modes. Figures 13(c) and (d) show the physical driving in the ideal and diamagnetic cases, respectively. It is obvious that the curvature driving is predominant in the ideal ballooning mode, which is suppressed by the ion diamagnetic effect. This conclusion is consistent with studies of shifted-circular geometry in this paper.
The energy form method is also used for linear analysis of EAST's equilibrium. The calculation results of ideal and diamagnetic cases using the energy form are shown in figure 14 . The conclusion is similar to that for shifted-circular geometry in that the free energy is provided by curvature driving, which is absorbed by a shear Alfvén wave, like that in figures 10 and 11. As for the diamagnetic case, the free energy is also absorbed by the diamagnetic term. Therefore, the linear analysis using the integral dispersion relation and energy form can be used both in the shifted-circular and tokamak geometries.
Summary
In this paper, we develop the numerical methods for linear analysis of ballooning modes to investigate the contributions of different physics terms on the linear growth rate. One method is based on the integral of the dispersion relation and the other one is based on the integral of the energy form. The results obtained by the first method are similar to the local dispersion relation. It can remedy the defect of local dispersion relation that cannot be used to explain shear flow because of the important global effect. The numerical integral dispersion relation method indicates that the diamagnetic effect is able to suppress the contributions of curvature driving to the total growth rate. In addition, the real frequency is clearly brought in by the ion diamagnetic flow. For toroidal rotation, rigid flow does not affect instability but brings in the Doppler shift effect, which can be well explained by the local and integral dispersion relations. Shear flow is able to decrease the contributions from the high-n curvature-driving term and increase that from the line-bending term. It seems that the contribution of the line-bending term to the growth rate is transferred from curvature driving. The real frequency of shear flow is similar to the diamagnetic effect, which is introduced by the convective term. It looks like that each term in this method reflects the direct contribution to simulations.
The method depending on perturbed kinetic energy is also used to analyze the linear modes and it can get the same linear growth rate as found in the simulation. Each term in this method has the physical meaning of energy. This method reveals the energy transfer between different physical mechanisms. The positive and negative growth rates represent providing and absorbing free energy, respectively. The curvature-driving term provides the free energy which is absorbed by the line-bending term and generates the shear Alfvén wave. The diamagnetic flow is effective to suppress the free energy provided to the instability, and it also absorbs the energy as well as the line-bending term. Shear flow plays a similar role as the ion diamagnetic flow in the ballooning modes. However, for low-n modes, the shear flow seems to provide the free energy to the instability rather than absorb it. This effect leads to the destabilizing of the low-n modes, which is very similar to edge harmonic oscillations during quiescent high confinement mode at the DIII-D tokamak.
Each of these two methods have their own advantages. The integral dispersion relation depends on mathematics, and it is good at revealing the contributions of different physical driving terms to the total growth rate. The energy form method has an explicit physical meaning due to its definition based on the perturbed kinetic energy. The contribution of energy to different physical mechanisms are obviously represented by this method. These two methods together are able to reveal the physics contributions to the simulation results, and they are also able to analyze EAST H-mode discharges. (a) and (b) Linear analyses of the ideal and with diamagnetic cases using the energy form for the EAST equilibrium. It indicates that the curvature-driving term provides free energy, which is absorbed by line-bending term and diamagnetic term with a diamagnetic effect.
